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This shows that an Jp*w isindependent of p, for p € A. Using connectedness,
it is easy 10 see that it is independent of p for all p € M, so we will denote it
simply by [ j*®. Thus

/ n*n/\a):/n*n-/j*m
=1(4) 4 F

Comparing with equation (1), and utilizing partitions of unity, we conclude that

/ j*w: 1,
F

which proves the first part of the theorem.
Now suppose we have another class U' € H¥(E). Since

HNE) ~ H"(E) ~ H"(M) ~ R,
it follows that U’ = ¢U for some ¢ € R. Consequently.
BtV = jp"eU = ¢ vp.
Hence U’ has the same property as U only if ¢ = 1. «%

The Thom class U of § = w: E — M can now be used to determine an
clement of H*(M). Lets: M — E be any section; there always is one (namely,
the 0-section) and any two are clearly smoothly homotopic. We define the Euler
class x(5§) € H*(M) of & by

X&) =s"U.

Notice that if § has a non-zero section s: M — E, and w € CX(E) rep-
resents U, then a suitable multiple ¢ - s of s takes M to the complement of
support w. Hence, in this case

X&) = (c-5)U =0

The terminology “Euler class” is connected with the special case of the bundle
TM, whose sections are, of course, vector fields on M. If X is a vector field
on M which has an isolated 0 at some point p (that is, X (p) = 0, but X(g) # 0
for g # p in a neighborhood of p), then, quite independently of our previous
considerations, we can define an “index” of X at p. Consider first a vector



446 Chapter 11

field X on an open set U C R” with an isolated zero at 0 € U. We can define
a function fy: U — {0} > S"™' by fyx(p) = X(P)/IX(p)|. If i: §7~ > U
is i(p) = ep, mapping S"~! into U, then the map fx oi: S"' — S" ! hasa
certain degree; it is independent of &, for small &, since the maps i1,i5: S~ —
U corresponding 10 &; and &3 will be smoothly homotopic. This degree is called
the index of X at 0.

index ~1 index 2 index —2

index | in R” index (—1)" in R”
Now consider a diffeomorphism &: U — V C R” with /(0) = 0. Recall that
hyX is the vector field on V with
(M X)(¥) = ha(Xpm1(5))-

Clearly 0 is also an isolated zero of A, X.

27. LEMMA. If h: U — V C R” is a diffeomorphism with #(0) = 0, and X'
has an isolated 0 at 0, then the index of 1, X at 0 equals the index of X at 0.
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PROOF. Suppose first that # is orientation preserving. Define
H:R" x[0,1] = R

by
h(1x) 0<r<l1
Dh(O)(x) =0.
This is a smooth homotopy; to prove that it is smooth at 0 we use Lemma 3-2
(compare Problem 3-32). Each map H, = x — H(x,1) is clearly a diffeomor-
phism, 0 < ¢ < 1. Note that H; € SO(n), since A is orientation preserving.
There is also a smooth homotopy {H,}, 1 <t < 2 with each H, € SO(n) and
H, = identity, since SO(n) is connected. So (see Problem 8-25), the map 4 is
smoothly homotopic to the identity, via maps which are diffeomorphisms. This
shows that f;, x is smoothly homotopic to fx on a sufficiently small region of
R” — {0}. Hence the degree of f;,x oi is the same as the degree of fxy o7

To deal with non-orientation preserving #, it obviously suffices to check the
theorem for A(x) = (x',...,x""}, —x"). In this case

Jox =ho fxoh™,

which shows that degree f;,x oi = degree fy of. <

H(x,t):{

As a consequence of Lemma 27, we can now define the index of a vector field
on a manifold. If X is a vector field on a manifold M, with an isolated zero at
p € M, we choose a coordinate system (x,U) with x(p) = 0, and define the
index of X at p to be the index of x4 X at 0.

28. THEOREM. Let M be a compact connected manifold with an orien-
tation u, which is, by definition, also an orientation for the tangent bundle
E=m:TM - M. Let X: M — TM be a vector field with only a finite
number of zeros, and let o be the sum of the indices of X at these zeros. Then

x(§) =0 -p e H'(M).

PROOF. Let p1,..., pr be the zeros of X. Choose disjoint coordinate systems
Uy, x1),. .., (Ur, xr) with x;(ps) = 0, and let

Bi=x'({peR":|pl<1}).

If w € C*(E) is a closed form representing the Thom class U of &, then we
are trying to prove that
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We can clearly suppose that X(g) ¢ support @ for ¢ ¢ J; B:. So

r
X w) = X*(w);
/M § B;
thus it suffices to prove that
(%) / X*(w) = index of X at p;.
By

It will be convenient to drop the subscript i from now on.

We can assume that M s trivial over B, so that 7 ~1(B) can be identified
with B x M,. Let j, and m; have the same meaning as in the proof of The-
orem 26. Also choose a norm | || on M,. We can assume that under the
identification of w~}(B) with B x M,, the support of w|x~}(B) is contained
in {(¢g,v) : ¢ € A4, |lvll =1}. Recall from the proof of Theorem 26 that

ot e —w=dx support A C {(g,v) : llvll < 1}.

Since we can assume that X(g) ¢ support A for ¢ € 3B, we have

M /BX*(w)=/BX*m*(jp*w) —/BX*((IA)

= / X*m*(jp*w) — / XA by Stokes” Theorem
B aB

= / X*m* (jp w).
B
On the manifold M, we have

pan (n— 1)-formon M,

Jpw=dp (with non-compact support).

If D C M, is the unit disc (with respect to the norm || ||) and S™=V denotes
D C Mp, then

2. / p=/ p=/dp
Su-1 aD D
[ o
D

by Theorem 26, and the fact

=1 that support j,*w C D.
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Now, for ¢ € B — {p}, we can define
X)) = X(g)/ X)),

and X: 4B — TM is smoothly homotopic to X: 38 — TM. So
3 / X (jptw) = / X*m* dp
B B

= / X*m*p by Stokes” Theorem
aB

=/ /\_’*712*,0
3B

= / (2 0 X)*p.
B

From the definition of the index of a vector field, together with equation (2), it
follows that

@ / (my 0 X*)p = index of X at p.
aB
Equations (1), (3), (4) together imply (x). <

29. COROLLARY. If X and Y arc two vector fields with only finitely many
zeros on a compact orientable manifold, then the sum of the indices of X equals
the sum of the indices of Y.

At the moment, we do not even know that there is a vector field on M with
finitely many zeros, nor do we know what this constant sum of the indices is
(although our terminology certainly suggests a good guess). To resolve these
questions, we consider once again a triangulation of M. We can then find a
vector field X with just one zero in cach k-simplex of the triangulation. We
begin by drawing the integral curves of X along the I-simplexes, with a zero at
cach 0-simplex and at one point in each 1-simplex. We then extend this picture



450 Chapter 11

to include the integral curves of X on the 2-simplexes, producing a zero at onc

ZIN

point in cach of them. We then continue similarly undl the n-simplexes are
filled.

30. THEOREM (POINCARI:Z—HOPF). The sum of the indices of this vector
ficld (and hence of any vector field) on M is the Euler characteristic (M ).
Thus, for § =n: TM — M we have x(§) = x(M) - u.

PROOF. At each 0O-simplex of the triangulation, the vector field looks like

with index 1.

Now consider the vector field in a neighborhood of the place where it is zero
on a 1-simplex. The vector field looks like a vector field on R” = R! x R~
which points direclly inwards on R! x {0} and directly outwards on {0} x R"~".

L)yr=3
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